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Abstract
Let G be a simple graph and let G denote its complement. We say that G is integral, if its spectrum consists of integral
values. In this work we establish a characterization of integral graphs which belong to the class Ka ∪ Kb;b, where mG
denotes the m-fold union of the graph G.
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In this work we consider only simple graphs. The spectrum of a simple graph G of order n contains the eigenvalues

1¿ 
2¿ · · ·¿ 
n of its (0,1) adjacency matrix, and is denoted by (G). A graph G is called integral if its spectrum
(G) consists only of integers [1].
Let 1 ¿2 ¿ · · ·¿m be the distinct eigenvalues of a graph G and let EA(i) denote the eigenspace of the eigenvalue
i (i = 1; 2; : : : ; m). We say that an eigenvalue  of G is the main eigenvalue, if the cosine of the angle between the
eigenspace EA() and the main vector j (whose all coordinates are equal to 1) is diAerent from zero. In other words,
the eigenvalue  is main if and only if 〈j;Pj〉= n cos2 ¿ 0, where P is the orthogonal projection of the space Rn onto
EA(). The quantity  = |cos | is called the main angle of .
Let G be a graph with exactly two main eigenvalues 1 and 2 and let 1 and 2 be the main angles of 1 and 2,
respectively. According to [4], we have
1;2 =
n− 2− 1 − 2
2
±
√
(1 − 2 + n)2 − 4n1(1 − 2)
2
(1)
where 1 and 2 are the main eigenvalues of its complement G and n1 = n21. Next, let Kn and Km;n denote the complete
graph and the complete bipartite graph, respectively. We note that Ka ∪ Kb;b is an integral graph with two main
eigenvalues a = a − 1 and b = b, for any ; ; a; b∈N with a 
= (b + 1), where mG denotes the m-fold union of the
graph G. We know that if G is an integral graph, then G is integral if and only if the main spectrum of G contains only
integral values [4]. Therefore, Ka ∪ Kb;b is integral if and only if its largest eigenvalue 1 ∈N.
Due to relation (1) we have recently described all integral graphs which belong to the classes Ka ∪ Kb, Ka;b and
Ka;a ∪ Kb;b (see [5–7], respectively). In this work we shall establish a characterization of integral graphs which belong to
the class Ka ∪ Kb;b, as follows.
First, note that o = a + 2b is the order of Ka ∪ Kb;b. In the case that a¿ (b + 1) we Dnd that 1 = a − 1 and
n1 = a. Then according to (1) we easily obtain
1;2 =
(− 1)a+ (2 − 1)b− 1± 
2
; (2)
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where  =
√
(( + 1)a+ (2 − 1)b− 1)2 − 4a(a− b− 1). It is not diJcult to see that the same expression for  is
obtained if we assume 1=b. Using this fact we conclude that Ka ∪ Kb;b is integral if and only if (; ; a; b; ) represents
a positive integral solution of the Diophantine equation
[( + 1)a+ (2 − 1)b− 1]2 − 4a(a− b− 1) = 2: (3)
Consequently, the characterization of integral graphs which is related to the class Ka ∪ Kb;b is reduced to the problem
of Dnding the most general integral solution of Eq. (3).
Further, 12 = 12 − (n2 − 1)1 − (n1 − 1)2 − (n− 1) for any G with two main eigenvalues, where n2 = n22 (see
[4]). If G = Ka ∪ Kb;b this relation is transformed into
11 + (− 1)a= ab(1− − 2): (4)
In the following symbol (m; n) denotes the greatest common divisor of integers m; n while m|n means that m divides
n. Using this notation, we proceed to establish a characterization of integral graphs for the class Ka ∪ Kb;b. The proof
is based on the following statement [2].
Proposition 1. The linear Diophantine equation ax+ by= c has at least one solution if and only if d|c where d=(a; b).
In this case the most general solution of this equation is given in the form
x =
c
d
x0 − bd z and y =
c
d
y0 +
a
d
z (z ∈Z);
where (x0; y0) represents a particular solution 1 of the equation ax + by = d.
Theorem 1. If Ka ∪ Kb;b is integral then it belongs to one of the following classes of integral graphs:[
± 2kt

x0 +
4mt

z
]
Ka ∪
[
± 2kt

y0 +
a

z
]
(2n− 1)Kb;b; (5)
where (i) a=±[2t+(2‘− 1)(2n− 1)]k +(2‘− 1)m+1 and b=(2‘− 1)m; (ii) t; k; ‘; m; n∈N such that (m; 2n− 1)=1,
(2n− 1; 2t) = 1 and (2‘− 1; 2t) = 1; (iii) = (a; 4mt) such that |2kt; (iv) (x0; y0) is a particular solution of the linear
Diophantine equation ax− (4mt)y=  and (v) z¿ z0 where z0 is the least integer such that (±(2kt=)x0 +(4mt=)z0)¿ 1
and (±(2kt=)y0 + (a=)z0)¿ 1;[
± (2t − 1)k

x0 +
2m(2t − 1)

z
]
Ka ∪
[
± (2t − 1)k

y0 +
a

z
]
(2n− 1)Kb;b; (6)
where (i) a=±[(2t−1)+(2‘−1)(2n−1)]k+(2‘−1)m+1 and b=(2‘−1)m; (ii) t; k; ‘; m; n∈N such that (m; 2n−1)=1,
(2n− 1; 2t − 1) = 1 and (2‘− 1; 2t − 1) = 1; (iii) = (a; 2m(2t − 1)) such that |(2t − 1)k; (iv) (x0; y0) is a particular
solution of the linear Diophantine equation ax− 2m(2t − 1)y=  and (v) z¿ z0 where z0 is the least integer such that
(±[(2t − 1)k=]x0 + [2m(2t − 1)=]z0)¿ 1 and (±[(2t − 1)k=]y0 + (a=)z0)¿ 1;[
± (2t − 1)k

x0 +
(2t − 1)m

z
]
Ka ∪
[
± (2t − 1)k

y0 +
a

z
]
nKb;b; (7)
where (i) a = ±[(2t − 1) + 2‘n]k + ‘m + 1 and b = ‘m; (ii) t; k; ‘; m; n∈N such that (m; n) = 1, (n; 2t − 1) = 1 and
(‘; 2t−1)=1; (iii) =(a; (2t−1)m) such that |(2t−1)k; (iv) (x0; y0) is a particular solution of the linear Diophantine
equation ax−(2t−1)my= and (v) z¿ z0 where z0 is the least integer such that (±((2t−1)k=)x0+((2t−1)m=)z0)¿ 1
and (±((2t−1)k=)y0 + (a=)z0)¿ 1. In these classes the symbol ‘±’ is related to ‘+’ if a¿ (b+1); and ‘±’ is related
to ‘−’ if a6 b.
Proof. Assume that 1 ∈N and  = ’ such that 1 = a and (; ’) = 1. Using (2) and (4) we obtain
2 =− (− 1)(b+ 1) + 2b and = a+
(− 1)(b+ 1) + 2b

:
Using the previous relations by a straightforward calculation it is not diJcult to see that (3) may be transformed into
the form (+1)==((a−b−1))=(a−((−1)(b+1)+2b)). Let c be a constant such that (1) (a−b−1)=c(+1) and
1 A particular solution of the equation ax+ by= d may be obtained by using the Euclid algorithm. In that case the coeJcients a and
b uniquely determine x0 and y0.
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(2) a−((−1)(b+1)+2b)=c. Combining (1) and (2) we easily Dnd that c=(−)a+(2−1)b−1. Observe that c
is an integer because a=1 ∈N. Consequently, using (1) or (2) we obtain (a−b−1)=[(−)a+(2−1)b−1](+1).
In this way we get
(a− b− 1) = r[(− )a+ (2 − 1)b− 1] and ( + 1) = r; (8)
where r=s=t such that (s; t)=1. Making use of (8), by an easy calculation we arrive at (3) 2rb=(r−1)[ra−(a−b−1)].
Using now the right-hand side of (8), note that ra=1 + a, which shows that ra is integral and r− 1= (s− t)=t ¿ 0.
Since 2b=(1−(1=r))[ra−(a−b−1)] (see (3)) it turns out that r‖a−b−1|. Consider Drst the case when a¿ (b+1). With
this condition we obtain (4) (a−b−1)="r where (5) "=kt. Then (3) is reduced to the form (6) 2=(s− t)=b(a−kt)=t.
We shall now consider the following three cases:
Case 1: s is odd and t is even. Let s → (2s+ 1) and let t → 2t, where p → q means that ‘p is replaced with q’. Let
((2s+1)−2t; b)=2‘−1 and let m; n∈N such that (1.1) (2s+1)−2t=(2‘−1)(2n−1) and (1.2) b=(2‘−1)m. We note
that (m; 2n−1)=1. Since ((2s+1)−2t; 2t)=1 according to (1.1) we obtain (2n−1; 2t)=1 and (2‘−1; 2t)=1. Therefore,
using (6) we have =(a−2kt)(2n−1)=4mt. Since (4mt; 2n−1)=1 it follows that 4mt|(a−2kt). Consequently, setting
(1.3) a − 2kt = %(4mt) we get (1.4)  = %(2n − 1). We can see that (1.3) represents a linear Diophantine equation in
variables  and %. Of course, if (a; 4mt)= then (1.3) has at least one solution if and only if |2kt. In this case, according
to Proposition 1, we obtain that
 =
2kt

x0 +
4mt

z and %=
2kt

y0 +
a

z;
where ax0 − (4mt)y0 = . Finally, making use of (4), (5), and according to (1.1), (1.2), (1.4) and the last relation, we
easily get that a = (2t + (2‘ − 1)(2n − 1))k + (2‘ − 1)m + 1 and  = [(2kt=)y0 + (a=)z](2n − 1), which provides the
corresponding class of integral graphs represented in (5).
Case 2: s is even and t is odd. Let s → 2s and let t → (2t− 1). In a similar way, by setting (2s− (2t− 1); b)=2‘− 1
we obtain that (2.1) 2s− (2t − 1) = (2‘− 1)(2n− 1) and (2.2) b= (2‘− 1)m, where m; n∈N such that (m; 2n− 1) = 1.
Since (2s − (2t − 1); 2t − 1) = 1 using (2.1) we get (2n − 1; 2t − 1) = 1 and (2‘ − 1; 2t − 1) = 1. Using (6) we have
=(a−(2t−1)k)(2n−1)=2m(2t−1). Using the fact that (2m(2t−1); 2n−1)=1, it turns out that 2m(2t−1)|a−(2t−1)k.
Thus, setting (2.3) a− (2t − 1)k = 2%m(2t − 1) we have (2.4)  = %(2n− 1). By solving Eq. (2.3) in variables  and
%, we obtain that  = [(2t − 1)k=]x0 + [2m(2t − 1)=]z and %= [(2t − 1)k=]y0 + (a=)z, where = (a; 2m(2t − 1)) such
that |(2t − 1)k and ax0 − 2m(2t − 1)y0 = . So we arrive at the corresponding class of integral graphs displayed in (6).
Case 3: s is odd and t is odd. Let s → (2s+ 1) and let t → (2t − 1). If we set (s− t + 1; b) = ‘ then we obtain (3.1)
s− t+1= ‘n and (3.2) b= ‘m, where (m; n)= 1. Since (2s+1− (2t− 1); 2t− 1)= 1 using (3.1) we have (n; 2t− 1)= 1
and (‘; 2t − 1) = 1. Consequently, according to (6) we obtain that  = (a − (2t − 1)k)n=(2t − 1)m. Obviously, since
((2t − 1)m; n) = 1 it must be (2t − 1)m|a− (2t − 1)k. Setting (3.3) a− (2t − 1)k = %m(2t − 1) we get (3.4)  = %n.
Therefore, from (3.3) we easily Dnd that  = [(2t − 1)k=]x0 + [(2t − 1)m=]z and % = [(2t − 1)k=]y0 + (a=)z, where
= (a; (2t− 1)m) such that |(2t− 1)k and ax0 − (2t− 1)my0 = . In this way we get the corresponding class of integral
graphs represented in (7), which completes the proof related to the case when 1 = a− 1.
Consider the case when 1 = b. Then we can see that (4) and (6) are reduced to (b + 1) − a = "r and 2 = [(s −
t)=b][(a + kt)=t], respectively. We also note that if (x0; y0) is a particular solution of the equation ax − by = c then
(−x0;−y0) represents a particular solution of the equation by− ax= c. Keeping in mind this fact and by using the same
procedure applied in Cases 1–3, we easily obtain the corresponding classes of integral graphs represented in (5)–(7),
respectively.
Proposition 2. If Ka ∪ Kb;b is an integral graph then it uniquely determines the parameters t; ; k; ‘; m; n.
Proof. Assume that t1; 1; k1; ‘1; m1; n1 and t2; 2; k2; ‘2; m2; n2 determine the same integral graph Ka ∪ Kb;b. Since the
parameters ; ; a; b determine the graph Ka ∪ Kb;b up to isomorphism, using the second equality of (8) we have
1 + a= ra, which shows that s1 = t1 and s2 = t2 because (s; t)=1. According to this we note that the classes represented
by relations (5)–(7) are mutually disjoint. Consequently, without loss of generality, we can assume that the corresponding
integral graph determined by the parameters t1; 1; k1; ‘1; m1; n1 and t2; 2; k2; ‘2; m2; n2 belongs to the class of integral graphs
displayed in relation (5). Next, using (4) and (5) we get k1 = k2. Since ((2s+ 1)− 2t; b) = 2‘− 1 (see Case 1), we also
have ‘1 = ‘2. Using (1.1) and (1.2) we obtain n1 = n2 and m1 =m2. Finally, since (a; 4mt)=  it follows that 1 = 2.
Remark 1. If (x0; y0) is obtained by using the Euclid algorithm, then a Dxed integral graph Ka ∪ Kb;b also uniquely
determines the parameters x0; y0; z0; z.
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Remark 2. As it is known, 1 + 1¿ n− 1 for any graph G of order n with equality if and only if G is regular [1]. If
G = Ka ∪ Kb;b we obtain (i) 1¿ 2b+ 1 if a¿ (b+ 1) and (ii) 1¿ a+ b if a6 b.
Proposition 3. If Ka ∪ Kb;b is integral with 1 = 2b+ 1 and a¿ (b+ 1) then it is K5 ∪ K2;2.
Proof. If Ka ∪ Kb;b is integral with 1 =2b+1 and 1 =a−1 then =1 and =1 (see Remark 2). Since ra=1 +a
(see (8)), we easily get (i) (s− t)=t = (2b+ 1)=a.
Case 1: a is even. The corresponding integral graph belongs to the class represented in (5). Let s → (2s + 1) and
let t → 2t. Then (i) is reduced to ((2s + 1) − 2t)=2t = (2b + 1)=a. Let e∈N so that (ii) (2b + 1) = e((2s + 1) − 2t)
and (iii) a = e(2t). Since % = 1, n = 1, and a = 2t(k + 2m) (see (1.3) and (1.4)), we obtain that e = (k + 2m). Making
use of (1.1), (1.2) and (ii), (iii), we get (2‘ − 1)k = 1. So we Dnd that ‘ = 1, k = 1, b = m and a = (4m + 2)t. Since
a=(b+1)+(2s+1)k (see (4) and (5)) and (2s+1)−2t=1 (see (1.1)), by an easy calculation we arrive at 4mt=m+2.
This equation has no positive integral solution, which means that the corresponding integral graph with 1 = a − 1 and
1 = 2b+ 1 does not belong to the class represented in (5).
Case 2: a is odd. We note that the corresponding integral graph belongs to the class represented in (6). Let s → 2s
and let t → (2t − 1). Using (i) we get (2b + 1) = e(2s − (2t − 1)) and a = e(2t − 1). Besides, we have % = 1, n = 1
and a = (2m + k)(2t − 1), which yields e = (k + 2m). Combining these relations we Dnd that ‘ = 1, k = 1, b = m and
a=(2m+1)(2t− 1). Since a=(b+1)+ (2s)k and 2s− (2t− 1)=1, we obtain the equation 4mt=3m+2. This equation
has just one positive integral solution m= 2 and t = 1, which provides the integral graph K5 ∪ K2;2.
Proposition 4. If Ka ∪ Kb;b is integral with 1 = 2b+ 1 and a6 b then it belongs to the class of integral graphs
3Kt ∪ K4t−2;4t−2; (9)
where t ∈N.
Proof. Let Ka ∪ Kb;b be an integral graph with 1 = 2b + 1 and 1 = b. Then according to Remark 2 we have
(2b+ 1) + b¿ a+ 2b, which implies that %= 1 and n= 1. Since ra= 1 + a and (i) a= (b+ 1)− ks (see (8) and
((4) and (5)), respectively), we obtain (ii) s=t = ((3b+ 2)− ks)=a. We shall now consider the following three cases:
Case 1: s is odd and t is even. Let s → (2s + 1) and let t → 2t. Let e∈N so that (iii) 3b + 2 = (e + k)(2s + 1)
and (iv) a= e(2t) (see (ii)). Since a= (2m− k)(2t) we obtain e = (2m− k) (see (1.4)). Using (1.1), (1.2) and (iii),
(iv), we easily get 3b+ 2= 4mt + 2b and a= 4mt − 2kt. So we Dnd that b= 4mt − 2 and b= (2‘− 1)m, which yields
m = 2 and ‘ = 2t. In this way (i) is reduced to a = 8t − 6kt + (k − 1), wherefrom we obtain k = 1, a = 2t and  = 3.
Consequently, the corresponding integral graph belongs to the class of integral graphs (v) 3K2t ∪ K8t−2;8t−2.
Case 2: s is even and t is odd. Let s → 2s and let t → (2t− 1). Then we have 3b+2=(e+ k)(2s) and a= e(2t− 1),
where e= (2m− k) (see (2.4)). Using (2.1) and (2.2) we obtain that b= 4mt − 2m− 2 and b= (2‘− 1)m, which yields
m=2 and t=2‘− 1. In view of this (i) is reduced to a=8t− 6kt+(4k− 5), wherefrom we obtain k =1, a=2t− 1 and
 = 3. Consequently, the corresponding integral graph belongs to the class of integral graphs (vi) 3K2t−1 ∪ K8t−6;8t−6. It
is not diJcult to see that the union of (v) and (vi) coincides with the class of integral graphs represented in (9). Thus,
it remains to show that there is no integral graph with 1 = 2b+ 1 such that it belongs to the class represented in (7).
Case 3: s is odd and t is odd. Let s → (2s+1) and let t → (2t− 1). Then 3b+2=(e+ k)(2s+1) and a= e(2t− 1),
where e = (m − k) (see (3.4)). Using (3.1) and (3.2) we obtain b = (2t − 1)m − 2. Since b = ‘m we obtain implicitly
the equation [(2t − 1)− ‘]m= 2. First, suppose that m= 1. Since e= (m− k)¿ 0 it follows that k ¡ 1, a contradiction.
Therefore, it must be m=2, k =1 and ‘=2t− 2. From this one can easily see that (i) is reduced to a=−2t +2, which
is a contradiction.
The characterization of integral graphs with 1 = a + b and 1 = a− 1 is reduced to the problem of Dnding the most
general positive solution of the equation x2 − dy2 = c, where d is not a perfect square. In order to do that, we need the
concept of continued fractions and some basic results which are related to the equation x2 − dy2 = c [8].
Let a0; a1; : : : ; an be a sequence of integers with ai ¿ 0 for i¿ 1. Then the term [a0; a1; : : : ; an]= [a0; a1; : : : ; an−1 +1=an]
is called the simple continued fraction, where [a0; a1] = a0 + 1=a1. Similarly, if a0; a1; a2; : : : is an inDnite sequence of
integers with ai ¿ 0 for i¿ 1, the expression [a0; a1; a2; : : : ]=limn→+∞ [a0; a1; : : : ; an] is called the inDnite simple continued
fraction. We say that [a0; a1; : : : ; am−1; am; : : : ; am+r−1 ] is an inDnite simple continued fraction of periodic r if r is the least
positive integer such that ar+n = an for any n¿m.
Let a0; a1; : : : be a sequence of integers with ai ¿ 0 for i¿ 1. Then we deDne two associated sequences {pn} and {qn}
by pi = aipi−1 + pi−2 and qi = aiqi−1 + qi−2 for i¿ 0, where p−2 = 0, p−1 = 1 and q−2 = 1, q−1 = 0. The rational
number pn=qn = [a0; a1; : : : ; an] is called the n-th convergent to the inDnite simple continued fraction.
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Further, the general solution of the Pell equation x2 − dy2 = 1 is given in the form xi + yi
√
d = (x1 + y1
√
d)i, where
x1 + y1
√
d is its fundamental solution. We know that x1 + y1
√
d=pr−1 + qr−1
√
d if r is even, and x1 + y1
√
d=p2r−1 +
q2r−1
√
d if r is odd, where r is the period length of
√
d. Besides, if 0 +’0
√
d is a fundamental solution of the equation
x2 − dy2 = c, then
i + ’i
√
d= (0 + ’0
√
d)(x1 + y1
√
d)i
represents a class of solutions of x2−dy2=c. Using the last relation we easily Dnd that i=0xi+d’0yi and ’i=’0xi+0yi
for any i¿ 0, understanding that x0 = 1 and y0 = 0. Finally, for any fundamental solution 0 + ’0
√
d of the equation
x2 − dy2 = c, the following two relations are satisDed [8]
06 |0|6
√
c(x1 + 1)
2
and 06’06 y1
√
c
2(x1 + 1)
: (10)
Theorem 2. There is no integral graph of the class Ka ∪ (3 + 2)Kb;b with 1 = a+ b and a¿ (b+ 1) for any ∈N.
Proof. Assume that Ka ∪ Kb;b is an integral graph with 1 = a+ b and 1 = a− 1. Then (a+ b) + (a− 1)¿ a+2b,
which implies that =1. Since ra=1 + a we obtain (i) (s− t)=t=(a+ b)=a. We note that (ii) a=(b+1)+ ks because
a¿ (b+ 1).
Case 1: s is odd and t is even. Let s → (2s+1) and let t → 2t. According to (i) we get a+b=e((2s+1)−2t) and a=2et.
Using (1.3) we Dnd that e=2%m+k. Since a=(b+1)+k(2s+1) (see (ii)) we easily obtain 2b+1=2%m(2s+1)−2t(2%m+k),
which is a contradiction because 2A(2b+1). Consequently, the corresponding integral graph with 1 =a+b and 1 =a−1
does not belong to the class represented in (5).
Case 2: s is even and t is odd. Let s → 2s and let t → (2t − 1). Making use of (i) and (2.3) we have a + b =
(2‘− 1)(2n− 1)(2%m+ k) and a= (2%m+ k)(2t − 1). Since (2‘− 1; 2t − 1) = 1 and (2n− 1; 2t − 1) = 1 it follows that
(a; b)=2%m+k. Observe that (2%m+k; m)=1 because a+b=(2b+1)+2ks (see (ii)) and (2%m+k)|b. In view of this and
keeping in mind that b=(2‘−1)m, we get (2%m+k)|(2‘−1). Since (2‘−1)|(a+b) it turns out that (2‘−1)|(2%m+k),
which proves that 2‘− 1 = 2%m+ k. So we obtain that (iii) a+ b= (2n− 1)(2‘− 1)2; (iv) a= (2‘− 1)(2t − 1) and (v)
m= (2n− 1)(2‘− 1)− (2t − 1). Combining (ii), (iii), (iv), (v) and using the fact that 2s= (2t − 1) + (2‘− 1)(2n− 1)
(see (2.1)), by a straightforward calculation we arrive at (vi) (2n − 1)(2‘ − 1)[(2‘ − 1) − 2k] − m[2(2‘ − 1) − k] = 1,
which shows that 2‘ − 1¿ 2k + 1. According to (vi),
‘˙ =
n˙k + m+
√
(n˙k + m)2 − n˙(mk − 1)
n˙
;
from which we get ‘˙6 2k+2m=n˙ and 2m¿ n˙, where p˙=2p−1. Since ‘˙=2%m+k we obtain (k+1)=2m6 %6 k=2m+1=n˙,
which yields % = k=2m + 1. Finally, substituting ‘˙ = 2%m + k in (vi), we obtain the following quadratic Diophantine
equation 2
4%(%n˙− 1)m2 − mk − (n˙k2 + 1) = 0: (11)
We note that the parameters of the last relation completely determine ; ; a; b. Therefore, the characterization of integral
graphs with 1 = a+ b and 1 = a− 1 (related to Case 2) is reduced to the problem of Dnding the most general positive
integral solution of Eq. (11). It is not diJcult to see that (11) may be transformed into
[8%(%n˙− 1)m− k]2 − [16%n˙(%n˙− 1) + 1]k2 = 16%(%n˙− 1): (12)
Let x=8%(%n˙− 1)m− k and let y= k. Further, let d=16%n˙(%n˙− 1)+ 1 and let 0 +’0
√
d be a fundamental solution
of x2 − dy2 = 16%(%n˙− 1). Then k = ’i and m= (i + ’i)=8%(%n˙− 1), understanding that i + ’i
√
d is the ith solution
which belongs to the class with respect to 0 + ’0
√
d.
We now demonstrate that 8%(%n˙−1)|(i+’i) if and only if 8%(%n˙−1)|(0+’0). Indeed, suppose that 8%(%n˙−1)|(0+’0).
Then
i + ’i = (0 + ’0)(xi + yi) + (d− 1)’0yi;
which implies that 8%(%n˙− 1)|(i + ’i) because 8%(%n˙− 1)|(d− 1). Conversely, assume 8%(%n˙− 1)|(i + ’i) for some
i¿ 1. Since 0 + ’0
√
d= (i + ’i
√
d)(xi − yi
√
d) we obtain 0 = ixi − d’iyi and ’0 = ’ixi − iyi. Hence
0 + ’0 = (i + ’i)(xi − yi)− (d− 1)’iyi;
2 Due to Itoˆ [3], we know that ax2 + bxy + cy2 = 1 can be solved completely using solutions of the corresponding Pell equation. In
particular, all solutions of ax2 + bxy + cy2 = 1 are among the convergents to the continued fractions of the zeros of at2 + bt + c = 0.
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which proves the assertion. Consequently, our problem can be reduced to the positive fundamental solutions 0 + ’0
√
d
for which 8%(%n˙− 1)|(0 + ’0).
Consider the case when  ≡ 2 (mod 3). Replacing  with (3+2) and keeping in mind that =%n˙ (see (2.4)), relation
(12) is transformed into the form
x2 − [36(2 + 1)2 − 3]y2 = 16n˙(3 + 1)(3 + 2); (13)
where x = 8(3 + 1)(3 + 2)m− n˙k and y = n˙k. We shall prove that (13) has no positive integral solution. First,√
36(2 + 1)2 − 3 = [(12 + 5); 1; (8 + 2); 1; 2(12 + 5)];
which provides that p3 + q3
√
d = (24(2 + 1)2 − 1) + 4(2 + 1)√d is the fundamental solution of the Pell equation
x2 − dy2 = 1, where d= 36(2 + 1)2 − 3.
Assume, contrary to the statement, that (m0; k0) is an integral solution of (13). Let x0 = 8(3+1)(3+2)m0− n˙k0 and
let y0 = n˙k0. Without loss of generality we can assume that x0 + y0
√
d is the fundamental solution of (13). Since = %n˙
and %= k0=2m0+ 1 it follows that 8(3 + 1)(3 + 2)m0 ¿n˙k0. So we obtain |x0|= x0. Further, using (10) we have
x0 ¡ 8(3 + 2)(2 + 1)
√
3n˙ and y0 ¡
4(3 + 2)
√
3n˙
3
;
which yields 6(3+1)m0 ¡ (12+7)
√
3n˙. Since 2m0 ¿n˙ note that this inequality is not true for any m0 ¿ 2, understanding
that m0 is an even number (see (v)). More precisely, it is correct only for m0 = 2 and n˙ = 3. However, for m0 = 2 and
n˙= 3 we obtain immediately from (13) that 3|16(3 + 1)(3 + 2), which is a contradiction.
Case 3: s is odd and t is odd. Let s → (2s+1) and let t → (2t− 1). Using the same procedure as in the previous case
we Dnd that a+ b=2n‘2; a= ‘(2t− 1) and ‘= %m+ k; m=2‘n− (2t− 1). Combining these relations and using the fact
that a=(b+1)+ k(2s+1) and (2s+1)=2‘n+(2t−1) (see (3.1)) we easily arrive at (vii) 2‘n(‘−2k)−m(2‘− k)=1,
which provides that 2k + 16 ‘6 2k + m=n. We now Dnd that m¿ n and %= k=m+ 1. Using (vii) we get
2%(%n− 1)m2 − mk − (2nk2 + 1) = 0: (14)
Since the parameters of (14) completely determine ; ; a; b, the characterization of integral graphs with 1 = a + b and
1 =a−1 (related to Case 3) is reduced to the problem of Dnding the most general positive integral solution of Eq. (14).
This equation can be represented in the form
[4%(%n− 1)m− k]2 − [16%n(%n− 1) + 1]k2 = 8%(%n− 1): (15)
Of course, our problem can be reduced to the fundamental solutions 0 + ’0
√
d of x2 − dy2 = 8%(%n − 1) for which
4%(%n− 1)|(0 + ’0).
Consider the case when  ≡ 2 (mod 3). Replacing  with (3 + 2) and using that  = %n (see (3.4)), relation (15) is
reduced to
x2 − [36(2 + 1)2 − 3]y2 = 8n(3 + 1)(3 + 2); (16)
where x = 4(3 + 1)(3 + 2)m− nk and y = nk. We shall prove that (16) has no positive integral solution.
Contrary to this assertion, assume that (m0; k0) is an integral solution of (16). Let x0 = 4(3+ 1)(3+ 2)m0 − nk0 and
let y0 = nk0. Clearly, without loss of generality we can suppose that x0 + y0
√
d is the fundamental solution of (16). Then
according to (10) it follows that
x0 ¡ 4(3 + 2)(2 + 1)
√
6n and y0 ¡
2(3 + 2)
√
6n
3
;
which yields 6(3 + 1)m0 ¡ (12 + 7)
√
6n. Since m0¿ n we note that this inequality is not true for any m0 ¿n. For
m0 = n it must 3 be m0 = 1 and n = 1 because (m; n) = 1. Then by using (14) we easily obtain k = 1 and % = 2, which
implies that 3 + 2 = 2, a contradiction.
Remark 3. There is no integral graph of the class Ka ∪ Kb;b with 1 = a+ b and a¿ (b+ 1) for  = 1. Indeed, since
n=1 and %=1 from (11) and (14) we obtain directly that −mk− k2− 1=0 and −mk− 2k2− 1=0, respectively, which
is a contradiction.
3 Since 2k + 16 ‘6 2k +m=n we obtain that ‘= 2k + 1 if m= n. In this case (vii) is reduced to nk = 1, which provides that n= 1,
k=1, ‘=3 and %=2. These parameters generate the integral graph K15 ∪ 2K3;3 of the least order, which has 1=a+b and a¿ (b+1)—
the Drst next one is K7865 ∪ 4K585;585 with 12,545 vertices.
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Proposition 5. If Ka ∪ Kb;b is integral with 1 = a+ b and a6 b then it is one of the following two integral graphs:
K2 ∪ K6;6 or K3 ∪ K6;6.
Proof. Assume that Ka ∪ Kb;b is an integral graph with 1 = a+ b and 1 = b. Then = 1 and = 1 (see Remark 2).
In this case we have (s− t)=t = (a+ b)=a and a= (b+ 1)− ks (see (8) and ((4) and (5)), respectively). In view of this
we note that the proof of this assertion can be easily obtained by replacing k with −k in Theorem 2.
Case 1: s is odd and t is even. Let s → (2s + 1) and let t → 2t. Replacing k with −k in Theorem 2 (Case 1) and
keeping in mind that %= 1 and n= 1, we Dnd that 2b+ 1 = 2m(2s + 1)− 2t(2m− k), which is a contradiction because
2A(2b + 1). Consequently, the corresponding integral graph with 1 = a + b and 1 = b does not belong to the class
represented in (5).
Case 2: s is even and t is odd. Let s → 2s and let t → (2t − 1). Then according to Theorem 2 (Case 2) we have:
a+ b=(2‘− 1)2, a=(2‘− 1)(2t− 1) and (2‘− 1)=2m− k, m=(2‘− 1)− (2t− 1). Using (11) we get k2−mk+1=0,
which implies that k = 1 because k|(k2 −mk + 1). So we Dnd that m= 2, (2‘− 1) = 3 and (2t − 1) = 1, which provides
the integral graph K3 ∪ K6;6.
Case 3: s is odd and t is odd. Let s → (2s+ 1) and let t → (2t − 1). Similarly, using Theorem 2 (Case 3) we obtain
a+ b= 2‘2, a= ‘(2t − 1) and ‘ = m− k, m= 2‘ − (2t − 1). Using (14) we get 2k2 − mk + 1 = 0, which yields k = 1
and m= 3. So we Dnd that ‘ = 2 and (2t − 1) = 1, which provides the integral graph K2 ∪ K6;6.
Theorem 3. If (; ; a; b; ) is a positive integral solution of the Diophantine equation (3) then it could be represented
by one of the following forms:
• a=±[2t + (2‘ − 1)(2n− 1)]k + (2‘ − 1)m+ 1 and b= (2‘ − 1)m;
•  =± 2kt x0 + 4mt z;
•  = [± 2kt y0 + a z](2n− 1);
• =± (2‘ − 1)(2n− 1)k + [± 2kt y0 + a z]2m(2t + (2‘ − 1)(2n− 1)),
with the same conditions (i)–(v) which are related to (5);
• a=±[(2t − 1) + (2‘ − 1)(2n− 1)]k + (2‘ − 1)m+ 1 and b= (2‘ − 1)m;
•  =± (2t−1)k x0 + 2m(2t−1) z;
•  = [± (2t−1)k y0 + a z](2n− 1);
• =± (2‘ − 1)(2n− 1)k + [± (2t−1)k y0 + a z]2m((2t − 1) + (2‘ − 1)(2n− 1)),
with the same conditions (i)–(v) which are related to (6);
• a=±[(2t − 1) + 2‘n]k + ‘m+ 1 and b= ‘m;
•  =± (2t−1)k x0 + (2t−1)m z;
•  = [± (2t−1)k y0 + a z]n;
• =±2k‘n+ [± (2t−1)k y0 + a z]((2t − 1) + 2‘n)m,
with the same conditions (i)–(v) which are related to (7).
Proof. According to Theorem 1 it suJces to derive the expression for . First, from (2) we have (i) 1 − 2 =  and
(ii) 1 + 2 = (a + 2b) − (a + b + 1). Using (i), (ii) and the equality 1 = (r − 1)a (see (8)), by a straightforward
calculation we obtain that = 2ra− (a+ 2b)− (a− b− 1).
Case 1: s is odd and t is even. Using ((4) and (5)), (1.1), (1.2), (1.3) and (1.4), we obtain that a−b−1=±k(2s+1),
(2s+ 1) = 2t + (2‘− 1)(2n− 1), b= (2‘− 1)m, a=±2kt + 4%mt, ra=±k(2s+ 1) + 2%m(2s+ 1) and = %(2n− 1).
So we Dnd that =±(2‘ − 1)(2n− 1)k + 2%m(2t + (2‘ − 1)(2n− 1)), which provides the statement related to (5).
Case 2: s is even and t is odd. Using ((4) and (5)), (2.1), (2.2), (2.3) and (2.4), we obtain that a − b − 1 = ±2ks,
2s= (2t − 1) + (2‘− 1)(2n− 1), b= (2‘− 1)m, a=±k(2t − 1) + 2%m(2t − 1), ra=±2ks+ 4%ms and = %(2n− 1).
So we Dnd that =±(2‘− 1)(2n− 1)k +2%m((2t − 1) + (2‘− 1)(2n− 1)), which provides the statement related to (6).
Case 3: s is odd and t is odd. Using ((4) and (5)), (3.1), (3.2), (3.3) and (3.4), we obtain that a−b−1=±k(2s+1),
(2s+1)= (2t − 1) + 2‘n, b= ‘m, a=±k(2t − 1) + %m(2t − 1), ra=±k(2s+1)+ %m(2s+1) and = %n. So we Dnd
that =±2k‘n+ ((2t − 1) + 2‘n)%m, which provides the statement related to (7).
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